1, 149-172 (1966) ). In many such problems the "sources" (charges or currents, and regions of permeable material) lie exclusively within a finite closed boundary curve and the relaxation process in principle then could be confined to the region interior to such a boundary provided a suitable boundary condition is imposed onto the solution at that boundary. The present notes discuss and illustrate the use of a boundary condition of such a nature as to imply the absence of external sources, in order thereby to avoid the inaccuracies and more extensive meshes present when alternatively a simple Dirichlet or Neumann boundary condition is specified on a somewhat more remote outer boundary. The boundary condition to be discussed was proposed by one of us, and some illustrative material presented in collaboration with (November 5, 1975) and Victor Brady and L. Jackson
Laslett, LBID-172, "Incorporation of a Circular Boundary Condition for a
Magnet with Quadrant Synmetry into the Program TIUM," (January, 1980) ).
The proposed boundary condition can be introduced in a general manner by reference to one form of Green I s theorem for harmonic funct ions (see ESCAR-28), but may be more simply illustrated by specific use of plane-polar coordinates. Thus, with a circular boundary so located that no external sources are present, the potential function external to that boundary is expressible in the form in which no positive powers of r occur, and such a relation will permit one to extend the potential to a surrounding concentric circle of somewhat larger radius. If, in practice, values of potential are known at only a finite number of pOints in the inner circle, then of course only a finite number of harmonic coefficients (Cm,Sm) could be evaluated for such trigonometric representation of the potential function --such a trigonometric series may, however, be adopted to provide adequate estimates of the corresponding values of potential at various points on a near-by surrounding "outer-boundary curve" (Fig. 1 ).
In performing a relaxation computation on a mesh bounded by such a pair of curves (external to all "sources"), any full relaxation pass through the mesh may be followed by a step wherein the values of potential at points on 2 the outer boundary are revised (up-dated) on the basis of a harmonic 'description of the potential function on the inner curve. Such revised values would then be employed, as boundary values, in proceeding with the next relaxation pass through the mesh. [An analogous procedure of course would be followed If one were to adopt an elliptical coordinate system (u,v), for which harmonic terms would be of the form e-ffiU times circular functions of argument mv (see ESCAR-28).)
In the work sunrnarized in the present note, we have made a practical application of the techniques just described, with particular application to the use of the relaxation program POISSON as applied to the design of superconducting magnets for advanced particle accelerators. 
....
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Fi g. 1 mesh points such as the one generated by the program LATTICE. If we know the vector potential for each mesh point on r a R -H (e.g. calculated by *In some of the early work, factors such as (a~h)-n have been replaced by some equivalent small-h approximation.
4 POISSON), we would like to find out the vector potential at each mesh point on r a R, so that such values may be employed as provisional boundary values in a subsequent relaxation pass through the entire mesh. This is expre ssed as:
A is the vector potential and E is a working matrix, and the summation is over the entire mesh points of the inner arc.
In the free space region the vector potential for the synmetries considered here can be expressed as a sum of harmonic tenns, each employing
The vector potential A of mesh point i on the circular arc r is defined according to the problem sYl1llletry Cl k (the equal sign in Eq. (2) The total number of harmonic terms, m, employed is the same as the number of mesh pOints N on the inner circular arc r . R -H. From Eq. (2) solving for C k we get Substituting the inversion of M into the working matrix, we get
This expression is identical to the one derived by the direct method for "regularly" spaced pOints.
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Listed is a table for the Qk expression used in several geometries.
Test Example
In order to compare the results using our proposed method and the one calculated analytically, we solved a number of simple cases (no iron). In the first example we provide the solution for the vector potential in a 2-in-l dipole arrangement employing current sheets . In the other test cases we solve a regular single; dipole, quadrupole and sextupole; all employing single current lines per pole.
2-in-l Dipole Employing Current Sheet
Sketched below is the geometry used, followed by the solution. For the configurdtion shown, we perform the integrdtion over y (from -h to +h) For p and h small, the configuration might be approximated as two parallel 2-0 strips of magnetic moment. We note that for an individual mag- To solve the same problem on "POISSON" we take into account the finite nature of the mesh density, especially along the current sheets.
h -current sheet height.
N -No. of nodes on the sheet.
10 -current at each node.
6 -nodal spacing. J = current density.
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If we take:
we get ". '
,-------------------------------------------,
'. ~~ . .
------.. The analytical solution of the vector potential for these types of problems is outlined in LBlD-847 (program "POTEN" on the HP 1000). The flux lines of the three problems solved by POISSON using our method is shown in Fig. 6 . Table 2 compares the POISSON values with those solved analytically at some arbitrary locations.
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Erroneous Results
In the course of studying a 2 in 1 magnet for the sse we came across a case which clearly shows the improvement of using the new boundary method.
In this case the two iron c1ampet dipoles of which only one is energized have Experience has shown that any problem which converges using the standard boundary conditions (Dirichlet or Neumann) will converge when the universe boundary condition is used. Problems that converge with difficulty, or not at all may experience similar difficulties using the new boundary condition.
We follow a standard sequence:
The user must add an additional region to the AUTOMESH input data. The new region may only be placed on the problem boundary. This region has the same general form as other regions in AUTOME5H input data: a 'REG' region description card, and a set of 'PO' geollletry cards following. A description of these cards follows.
The region card must set the material code to 513. The current and current density variables must be set to 0.0.
The geometry must conform to the following specifications:
24 \ -The 'universe' Is a shell consisting of two circular concentric arcs centered on the origin of the problem's coordinate system.
-The arcs must be far enough apart for at least one mesh triangle to fit between them.
-The shell is closed by any 1 ines of symmetry in the problem (it is a ring if none exist).
-The shell must be placed outside all 'source' and 'iron' regions.
-The nodal spacing is not required to be equal. The "universe" region is just another air region to LATTICE and TEKPLDT.
No special user intervention is required. TEKPLOT cannot distingush the ·universe" region from adjacent air regions. They will appear to be one and the same.
POISSON
Five new problem constants (the so-<alled CONs) have been added to POISSON.
CON (126) is the key to the use of the "universe" boundary condition in POISSON. This CON determines the symmetry type of the "universe" region (it is the basis for the a'S used in the Analysis section 
